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This paper considers the linear inviscid reflexion of internal/inertial waves from
smooth bumpy surfaces where a characteristic (or ray) is tangent to the surface
at some point. There are two principal cases. When a characteristic associated with
the incident wave is tangent to the surface we have diffraction; when the tangen-
tial characteristic is associated with a reflected wave we have split reflexion, a
phenomenon which has no counterpart in classical non-dispersive wave theory.
In both these cases the problem of determining the wave field may be reduced to
a set of coupled integral equations with two unknown functions. These equations
are solved for the simplest topography for each case, and the properties of the
wave fields for more general topographies are discussed. For both split reflexion
and diffraction, the fluid velocity has an inverse-square-root singularity on the
tangential characteristic, and the energy density has a corresponding logarithmic
singularity. The diffracted wave field penetrates into the shadow region a dis-
tance which is of the order of the incident wavelength. Possibilities for instability
and mixing are discussed.

1. Introduction and summary

The reflexion of internal and/or inertial waves from a smooth bumpy surface
has been discussed in Baines (1971) (hereafter referred to as I) for the case where
the wave characteristics (i.e. directions of energy flux) are nowhere tangent to
the surface. This paper considers the consequences when a wave characteristic
is tangent to the surface at some point (‘steep bump’ topography, in the ter-
minology of I).

The analysis is two-dimensional, linear and inviscid, and is based on a radiation

condition which has the form
v F(E)dE

FQ=x.) o ¢ (1.1)
for any wave field F({)e~**, where {is a characteristic variable. Equation (1.1)
is simply a statement that the Fourier transform of #({) vanishes for negative
(or positive, depending on appropriate sign) values of its wave-number argu-
ment. Not all the work of previous authors satisfies equation (1.1), and for a
discussion of these the reader is referred to L. This equation has also arisen in other
contexts of wave propagation but with { as a frequency and associated with the
‘arrow of time’ (Rosenfeld 1961).
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There are two cases: when the tangential wave characteristic is associated
with the incident wave there is a region of the surface which is not ‘lit’ by the
latter (omitting the case of a point of inflexion), and we have diffraction. When
the tangential characteristic is associated with a reflected wave we have a new
phenomenon termed ‘split reflexion’. The mathematical formulation for the
determination of the wave field for surfaces which have one of these singular
points is given in §3. The analysis is complicated because the equation for the
surface is not a single-valued funection in terms of the characteristic co-ordinates,
and there are three wave-fields to determine: the back-reflected wave, a reflected
wave and a second reflected or diffracted wave. In either case the problem may
be reduced to a pair of coupled integral equations, one singular and the other
non-singular, for two unknown functions. Such equations are discussed by Musk-
helishvili (1946). These equations have been solved for the simplest cases, and
the properties of the solutions for more general cases are also discussed in §§4
and 5. The results obtained are summarized below.

For split reflexion (see figure 1) the velocity near the tangential characteristic
7 = 0 is proportional to eky(R/|7|)? where 5 is the characteristic co-ordinate
measured perpendicular to it, ek, is the amplitude of the velocity of the incident
wave and R is the radius of curvature of the surface at the tangent point. This
inverse-square-root singularity in the velocity will be present whenever a radius
of curvature exists at the tangent point, and it clearly becomes stronger with
increasing K.

For the case of diffraction (see figure 2) the velocity is also singular on the
tangential characteristic £ = 0 and in its neighbourhood has the form

ekl(kl/lgl Pe~iet,

so that the strength of the singularity is independent of the radius of curvature
(%, is the wave-number of the incident wave). For each of the split reflexion and
diffraction cases, a solution is found for a particularly simple surface shape.
Solutions for more general topographic shapes will be asymptotic to these solu-
tions in the limit of short incident wavelength, i.e. k; R » 1. For the simplest
surface shape in the diffraction case (and therefore for general shapes in the limit
kR large), the diffracted wave penetrates the shadow region a distance which is
of the order of one wavelength of the incident wave.

It is interesting to compare the above results for diffraction with those of
Hurley (1970), who has obtained solutions for a sharp-angled wedge by a Green’s
function method. Hurley’s solutions are singular on all characteristics passing
through the vertex, and this singularity in the velocity is nearly O(1/|7|}) for
one range of wedge angles and nearly O(1/|7|?) for the other.

In §6 it is shown in general that the stream functions for reflected and dif-
fracted wave fields have the asymptotic form (1/£) e~ (|{|large) in the direc-
tions perpendicular to the lines of constant { where { is again the appropriate
characteristic variable, provided that the surface asymptotes to planes away
from the bumpy region.

The ubiquity of the above-mentioned singularity raises questions as to the
relevance of the linear inviscid theory for split reflexion and diffraction cases.
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Tt is clear that such topographic features tend to cause energy density to accumu-
late, as the energy of the incident wave is converted into components of higher
wave-number and consequent slower group velocity. Such a concentration of
energy is likely to enhance non-linear effects, and some experiments by Cacchione
(1970) and others by the author show this. Viscous effects will also be significant.
Reflexion in a viscous fluid from a plane boundary was first considered by Phillips
(1963) who showed that two boundary layers of thickness O(v/w)? arise, where v
is the kinematic viscosity. If the slope of the reflected characteristics is very
close to that of the boundary, however, the reflected wave is trapped in a bound-
ary layer of order (v/k,w)? (H.P.Greenspan, private communication), in which
the shears are very large. For the cases of split-reflexion and diffraction considered
in the present paper, instability and subsequent mixing of the stratified fluid is
quite plausible if the incident energy flux is sufficiently large. This criterion need
not be very demanding, and the phenomenon could well have geophysical applica-
tions. However, if the incident wave is below some threshold in amplitude the
linear theory should be useful.

2. Basic equations

We consider the motion of an incompressible inviscid rotating stratified fluid,
and take Cartesian axes 2, ¥, 2, z increasing vertically upward, with correspond-
ing velocity components u, v, w. We take the axis of rotation to be vertical, and
the linearized equations of motion in the rotating frame are

ou 1 pg2
—tfxu=——Vp— LT
at Pl T pole)
V.u=0, (2.1)
% . dpo _
gt-i-’w—(i; = 0,

where p,(z) is the equilibrium density, p and p are the perturbation pressure and
density respectively, 2 is the unit vector in the direction of z increasing, ¢ is the
time variable, u is the fluid velocity, g the acceleration due to gravity, and
f = fZ = 2Q where S is the angular velocity of the system. We next assume that
the bottom topography and the incident wave motion are independent of the y
co-ordinate, so that we may define a stream function y¥r(z, 2, t) by the equations

U=—0yloz, w=o)lox. (2.2)
Equations (2.1) then yield the equation for

62
a7 VY N oo+ = 0, (2.3)
where N is the Brunt—Viisild frequency defined by
2 _ 9%
N2 = oodz (2.4)
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If we further assume that all the fluid motion has the time dependence e~#et,
then writing ¥ = Pz, 2) e, (2.5)
we obtain V=2, =0, = (02—f2)[(N2—w?), (2.6)
where the suffices denote derivatives. In order to have internal and/or inertial
waves we require ¢ > 0, and for the sake of definiteness we will take

0O<f<w<N,

which is the case of greatest relevance for the ocean. We also assume that N2is
constant. The conclusions of the following theory will still be valid in cases where
N2(2) is not constant, however, provided only that N2 be effectively constant in
the regions of the fluid near the bottom topography. With N? constant, ¢? is
constant and equation (2.6) has the general solution

g = f€)+9(n), (2.7)

where f and g are arbitrary complex-valued functions of the real characteristic
variables§ = z+cx,p = 2 —cx.
We consider fluids of effectively infinite depth with a bottom surface or
topography which has the equation
2 = h(x), (2.8)

and assume that this surface has a radius of curvature at each point. In terms
of the characteristic variables this equation may be written
E=—K(n), n=-H({), (2.9)
and for the bottom surfaces to be discussed one of these relations will be double-
valued. The boundary condition to be satisfied on this surface is
Y =0, (2.10)

An analytical form for the radiation condition appropriate to internal and/or
inertial waves emanating from a source with a given frequency has been derived
inI. For a wave field which is a function of one characteristic variable, e.g.

¥ = F(p)e ™t (2.11)

the necessary and sufficient condition for it to be composed of plane waves whose
phase propagation (and hence, associated energy flux) is in one direction only is

= Fp)dy
Fm) =+P) i (2.12)
where P denotes a principal value integral, and the sign depends on the direction
of the energy flux. For any particular case, the relevant sign may be determined
by considering a single plane wave.

3. Formulation of the reflexion and diffraction problems

We consider the reflexion of a plane wave from a rigid surface where the wave
characteristics are such that at one point one of them is tangent to the surface.
There are two possible cases, and these will be considered separately.
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3.1. The split reflexion problem

We consider a plane wave eei®16-¢ incident on topography as shown in figure 1,
with the origin at the point where a characteristic is tangent to the surface. We
denote the reflected wave field by a superposition of

g = eFy(£)e 9t  the back-reflected wave, asin],
Vp, = —eFy () e, £ > 0, the wave reflected to the right, (3.1)
Y = —€eFg(n) et £ < 0, thewavereflected to the left.

—Fy(n)e=ivt
\ % iwt %:0
ix\ =
~

-,

— FS()})C —iut

=

Ficure 1. Split reflexion topography with reflected wave fields. The latter are shown
schematically only, and the incident wave is omitted.

The condition that ¢ must vanish on the boundary then yields
Fi(n) = e#™f+FyE), on n=-H() (£> 0),} (7 < 0)
Fyn) = et + Fy(f), on n=-H(E) (£<0), ’

and we also have Fi(n)y=Fy(m) (9 > 0) (3.3)

We assume that at a large distance from the origin in each direction the surface
asymptotes to a flat plane, and that there are no other grazing characteristics.
The appropriate radiation conditions for the above functions then are

(3.2)

_P f- 2(€_d€ (3.4)
P f ) A (”_d”, (3.5)
3(77)———Pf 3} 37;7' ;1777. (3.6)

Equations (3.2)-(3.6) then constitute the mathematical problem to be solved,
given the form of the surface. The latter may be written

n= "HR(€)> £= _KR(W)7 for £> O’}

7 =—HyE), £=—-Kiy), for £<o,
and each of these functions is monotonic and single-valued.

(3.7)
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We first consider the nature of the function H(£) near the origin. We denote
the radius of curvature of the surface at the origin by R. Then simple geometric
considerations yield that, for |£/R| < 1,

2)%
H(E) = “;‘}Q £(1+0E[R)), (3.8)

and similarly K(n) = sgng( it|77‘é(1 +O(n/R)3) (3.9)
where |77| denotes the modulus of # and sgn £ the sign of £. Hence near the origin

the derivative of K(7) necessarily has the form

2%cR3

K'(n) ~ Sgng(—l‘_i_-c?)?lw, (3.10)

for any surface satisfying the above conditions.
From equations (3.7) we next define the function ¢(£) by the following:

£ > 0: H(4(£)) = Hg(£),
£ < 0: Hp(¢(£)) = H(£), (3.11)

so that for any point (£,%) on the surface, the % characteristic will intersect the
surface at the point (¢(£), 7). It is readily established from the foregoing equations
that ¢(£) has the following properties:

i) ¢(0)=0, ¢(0)=~-
(i) ¢(p(8) =&; (3.12)
(iil) ¢’(§) <0 forall ¢&.

(&) represents the degree of asymmetry of the surface about the line £ = 0, such
that if the surface is symmetric (in ) about this line we have

P(E) = —&, (3.13)
for all £.
We now obtain a set of equations for F,(£), and to this end define

F.(§) = %[F2(§)+Fz(¢(§))],}

F_(8) = [ Fy(§) — Fy($(£))],
sothat Fy(&) = F.(E)+ F_(§), Fy(¢(£)) = F.(E)—F_(£). (3.15)
Equations (3.2) and (3.5) yield

):ifmFl(ﬂ')dﬂ'Jrif" (Fy(€) +etaf) dy’
o ' — ) — 7 —n

(3.14)

(-0 <7 <), (3.16)

where £’ = — Kp(%'), and so

_ [ F(y)dy i [ (Fy(E) +eaf) Hy(E')dE
Fl(”)'ﬂfo 7 - ﬂfo Hgp(E)+7 ’

(3.17)
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for ally. Similarly, (3.2) and (3.6) give

i (=T dy i [0 (Fy(E)+ ey dy
Fyn) =~ . %%l—%f_w(%u (—0 <y <o), (3.18)
where now £’ = — K, ('), and so
e F(ndn i [0 (Fo(E) + ey H () dE'
_%f (') dn _%I_w( Z(g)—;li(g'))q_;(g) 3 (=0 <7 < ), (3.19)

utilizing (3.3). The integrals are to be construed as Cauchy principal value
integrals where appropriate. Writing £’ = ¢(£”) in the second integral of equation
(3.19), and changing the variable of integration back to £’ gives

_ 5 ()dﬂ © (Fo(P(£)) + 1 98)) Hyp(E') dE’
Fsn) = ﬂfo 7 =17 +7Tf0 Hy(E')+7 (320

for all 9, jutilizing the properties of ¢(£) as given in equations (3.11), (3.12) and
writing £’ for £”. Adding equations (3.17) and (3.20) then yields

;o [FL(E) — ' Tk E _ pihad €V FHEY AL
B+ Py = 5 [ "BEV=RGEN+ o IVBUENE (o
3.21
Taking 7 = — Hy(§), equations (3.2) give ( :
Fy£) + Fo($(8)) = Fy(n) + Fy(n) — (€% +™18®) (£ > 0), (3.22)
and from equations (3.14), (3.21) we finally obtain
F( = AQ-Lp[TEETHEE  few),  way

. . ) ik & ptk19E) "(E! ’
where A(E) = — L(e§ + 7160) —%Pfo (e H;;gk,;sf ;IZ&()g )d5 . (3.24)

Two other relations between F,(§) and F_(£) may be obtained from equation
(3.4). The latter may be written

Fz(tE d§ F2(¢(€ )¢'(£) dé’
Fy(€) = f f )£ (3.25)
and using equations (3.14) we obtain

(gl ¢E) L ¢ 1,
PO =5 | Ol e gt g e e
+;—ﬂPf:F_(§’) et e+ e+ e,

' ) C (3.26)
) «© N 1.,
1+1(g)=§7—71>f0 F+(:§)L - e = = _dg
i (o o 1..,
+—2—7—TL F_(g)L e T T [

(3.27)



120 P. G. Baines

Equations (3.23), (3.26) and (3.27) constitute a set of coupled singular integral
equations to be solved for the functions F, (£) and F_(£) in the range 0 < £ < 0.
Equations (3.23) and (3.26) may be added to give a non-singular integral relation
between F, (£) and F_(§), which together with equation (3.27) gives the system in
its most compact form. Systems of singular integral equations are discussed in
the book by Muskhelishvili (1946). For present purposes, however, we will merely
assume that the system under discussion has a unique solution which represents
the wave field.} Once F,(£) is determined, F,(7) and Fy(y) are given by equations
(3.2) for 7 < 0 and equations (3.3), (3.21) for > 0.

In the special case where the surface is symmetric so that ¢(£) = — £ equations
(3.24), (3.26) and (3.27) reduce to

A(£) = — cosk,E— Pf sin b gfigﬁ()gg',
waF )€ df

e ) (3.28)
E’Z , F_(§)= P F+g 2§d§-

r
7 Jo &£

\ - n=0

N s //

RN G
N
A

Ficurg 2. Diffraction topography with reflected and diffracted wave fields.

3.2. The diffraction problem

We next consider a plane wave incident on topography as shown in figure 2,
with the origin again at the point where a characteristic is tangent to the surface.
We denote the overall wave-field by a superposition of

Vs = eH, () e®16-09  theincident wave,

Y = eFy(E) et the back-reflected wave,

Yy = —€eF(n) e, thereflected wave,

Y =eH, (—n) Fj(§) e, which contains the diffracted wave,
It is not possible to determine the question of uniqueness from Mushkelishvili’s work
P q q

without specifying the functions Hg(§) and ¢(£). However, uniqueness seems intuitively
plausible on physical grounds, and it is supported by the simple cases discussed below.

(3.29)
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where H,(7) denotes the Heaviside step function. The condition that i must
vanish on the boundary then yields

Fy(y) = et 4 Fy(8), =-H > 0),
i) =e 2(§), on 7 & @ ) } E>0), (3.30)
Fn) = Fy(g), on n=-H{E) (n<0),
and we also have Fy§) = etff + Fo(E) (§ > 0). (3.31)
Assuming that there are no other points on the surface which have grazing charac-

teristics, and that the surface is asymptotic to flat planes at infinity, the statement
of the problem is completed by the following radiation conditions:

i [ FyE)dE _io(® B@)dy K
F g)_ﬂPf—oo g/_g 3 F1(77) ”Pf © ,'7 ,)] 3 F4 Pf—m g .
(3.32), (3.33), 334)

The procedure for reducing this system to a soluble set of equations is analogous
to that for the preceding case. Near the origin the equation for the surface has
the form

2)§
&= Ko = L v 0a/R),
~1= HE) = —sgun. G £+ 0GR, (3.3
, 2%cRir

where as before R is the radius of curvature at the origin. Again defining the left-
and right-hand parts of the surface by

n=—Hg), £=—-Kg(n) for g< 0,} (3.37)
n=—H§), &=-Kiy for 7>0, ‘
we define the function ¢(7) by
Kr(gm) = Kr(m) (> 0):} (3.38)
Ki(¢(m) = Kgn) <0,
and ¢(y) clearly has the properties given by equation (3.12).
Next, we define @) = 2(F )+ F(¢()) }
(3.39)
G_(n) = 3(F(n) — Fy(p(n)))

so that Fn) = G+(77)+G_(77), Fi(g(n) = Gin)—G(n). (3.40)
Equations (3.30), (3.31), (3.32) yield

_i("BE)E i (R Ky)dy i [0 ehtdg
Fz(g) - 7)o g g ”fO KL("]')+§ 77,‘._00 g,_g
3.31

(-0 < € <),

(3.41)

and (3.30), (3.31) and (3. 33) s1m11arly give

v f > F z<£’ f Fyg') KoY dn' i = eMafdg
mlo &— 0 KEi(m')+§& m)o & —&
(—o0 < & <o), (3.42)




122 P. G. Baines

where the second integral has been transformed in the same manner as equation
(3.19). Adding (3.41) and (3.42) gives

BO+F@©=-1 f [~ Fy(b ) Kz ') dy

+ekt  (—00 < £ < o),

0 K (n")—K(n)
(3.43)
: o ik E L
using the relation :—IP f e—é_—d; = —¢thi§, (3.44)

Taking £ < 0, £ = — K;(7), equation (3.43) gives

> i (= Em) = F@@ )N Ki(n') dy’

r +F —e ik Kp(n) — —f 1 -
(0 <9 <), (3.45)

VEKr(dy' |,
andso @ f ——L_+e‘”‘1KL(V) 0 <9 < o). 3.46
Two other relations between G (1) and G_(7) may be obtained from equation
(3.33), and these are identical to equations (3.26), (3.27) with ¢, G_ replacing
F., F_and 7, ’ replacing £, £'. The system of equations for G, G_ is therefore
identical to that for F,, F_in the previous case, with the exception of the inhomo-
geneous term. F,(£), Fy(&) are given in terms of F(y) by equations (3.30), (3.31),
and (3.43) with £ > 0.

+ e~ k1 Kt

4. Properties of split reflexion

We aim to determine the general properties of the wave field on split reflexion
by investigating the equations for some analytically simple cases. We consider
first the simplest case of all, which is
(@) H(E)=c,8 (—o<§ <o)

=(1 +c2)%/802R, and ¢(£) = —£, for all £. The topography is illustrated in
figure 3. Equation (3.23) becomes

G ‘p f BEE (4.1)
and equations (3.28) give (4.2)
so that F (&) =0, F_(g) = (0 <& <o)
Hence FiE) =0 (—oo < § < o0),

and from equations (3.3), (3.21) for 7 > 0 we have

upon evaluating the integral by conventional methods. The solution is completed
by using equations (3.2), (3.9), and so we have

Fy(n) = etaniest Fy() = e~thalnllest  (_o0 < 9 < 0),

= g—Falmlept (4.5)

= g~Fatnlen? = e et (0 < 9 < ), (4.6)

Fy(§) =0, (—o0<§<0).
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This remarkably simple solution indicates what is probably the most significant
feature of the present analysis, namely that the fluid veloeity is proportional to
k, R}/|7|? near n = 0, so that the kinetic energy density is infinite in any volume
enclosing part of this characteristic. The strength of the singularity in the

4 C

Ficure 3. Split reflexion, the simplest case.

velocity is proportional to k, R* so that it is stronger for shorter incident wave-
lengths and larger radii of curvature. Furthermore, this singularity is not
peculiar to this particular topography, as investigation of the governing equations
shows that it occurs for virtually every type of topography which has the local
behaviour given by equation (3.9). This is borne out by the more general example
considered below. The presence of such a formidable singularity raises questions
about the stability of such a system, and this has been discussed above. The
vanishing of the back-reflected wave is a property of this particular surface
shape: symmetric and parabolic in the characteristic co-ordinates, with slope
at infinity asymptoting to that of the £-characteristics. It should also be noted
that in the WKB limit of short incident wavelength (k, R > 1) for any smooth
surface, the solution near the split-reflexion point must be asymptotic to the
present one.

The reason for such a strong singularity becomes apparent if one considers
energy fluxes near the critical point, as shown in figure 3. Since in this case there is
no back reflexion, the energy flux incident between the lines 4, 4’ (say) must
be reflected between the lines B, B" and O, ' so that the incident energy is ‘ com-
pressed’ or ‘squeezed’ on reflexion and the energy density must be thereby
increased. This squeezing is most severe near the grazing characteristic BC, and
accounts for the infinite energy density. The large velocities near BC on the side
7 > 0 are rendered necessary by the dynamics of the system.

It is also worthwhile to interpret the process in terms of Fourier components.
We consider how the field of motion is set up — the front of the incident wave
(generated some large distance away) travels with its group velocity (Bretherton
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1967) apart from some irrelevant forerunners, and on reaching the surface the
incident energy is reflected in terms of a continuous spectrum of modes, many
of which have higher wave-numbers. The front of each of these reflected modes
will also travel with its appropriate group velocity, and for the high wave-
number modes this is very small, so that the energy density associated with them
accumulates near the point at the origin. The process of split reflexion generates
these high wave-number modes in sufficient quantity so that, as the flow field
approaches its final state, the energy density in the neighbourhood of the line
7 = 0 increases without limit.
For the second example we take

(®) H()=c, 8 (< &< &R,
(¢, <0, ]€L| < £r),
=¢1Er(26—ER) (£ > Fa),
=c€(26~81) (<)

sothat H (&) and its first derivative are continuous. The function ¢(£) is then given
by equations (3.11), which yield

(4.7)

HO) = $E+ g EhED, —o0 < £ <5 Eh+ED)
(2£gL 52 “s g (€R+gL) < g < gL)
P(E) = —5 £ < &< |&Ll, (4.8)

2£ (£2+£%), lgL‘ <& < &g

5Rg+ B3, £>En

3

We now investigate the nature of the solution near the origin and at large dis-
tances from it.

For 0 < £ < |&,], equations (3.26), (3.27), after some manipulation, may be
written

EPJ TECLEE gt ayt Gotb) (EP ot d) (R0 + oo (49

- ﬁPJ‘ g’z 2§' dgl +(eot+er) krE+ (fo+ 1) (B £+ ..., (4.10)

where a, by, ..., fo depend on the values of F,, F_ between || and &, and a,, b,,
...J1 depend on the values of F+, F_for £ > £5. Equation (3.23) gives

Fi©) Pf EEEEL re

klER

1 1
g L’E — (k£ & — (ky/2ER) (g2+gg?)] dg'" (0<E<|&]) (411)
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sothat adding to (4.9) gives
Fo (&) = 34(8) + dag+ a1+ (3dp +dy) (k1 §)2+ (B +dy) (R £+ (0 < €< [£L)),

(4.12)
where a,, a; etc. are constants.
From equation (3.24) we have, for 0 < £ < |£],
i [ER (eiEL/2 @ik EEEL _ giki£')
. : o't
€ 27Tf Izl ge-g £t
L[ sinkg .26 dg
2}y EP2-E
b [© (etkrf — othiEREEL olik1/261)ER —ED)
b [ (e et ’ ¢ 12 ¥ R)2§Rd§': (4.13)
2m ) ep 28Rl —E—E%
= Ay+ A,k £)2+ Ay(ky E)*+ ..., (4.14)
where 4y = EJ‘ER e eikIE;Z/ZEL_eiklg') d ’+£I5R s ]flg, dg’
7J gyl 3 ey €
if © [Sin ](1;1 g’ _ gR (e’”‘lg' — ¢tkiér 5,'/5L e(:kl/%L) (52—5;1))] dg” (4 15)
nleal 268 — &%
ete.

Hence we see that F, () is necessarily analytic near §{ = 0, and substituting
in equation (4.10) shows (after proper consideration of the principal value singu-
larity) that F_(§) is analytic there also.} Hence the back-reflected wave Fy(£) will
in general be present near £ = 0 owing to the position and slope of the distant
parts of the surface, and the velocities associated with it will be finite and con-
tinuous there. Furthermore, from the nature of the integrals above on which these
properties depend, it is clear that they extend to most surfaces in general, a pos-
sible exception being those surfaces which have singularities in their higher
derivatives at the origin. (For the example given here, the reflected waves
would be expected to have discontinuities and singularities in their velocity
gradients near the points (£1,7;), (§g,7g), since the surface has discontinuous
second derivatives there.) Since the back-reflected wave is necessarily analytic
near £ = 0, the F(7), Fy(n) waves will still have the (k,c,|7|)} singularity at the
origin, asin example (a).

For £ » £, A(£) may be written in the form

(kERIELIER—E) gt Jyy

7 . EdER—E) gtv Jp
A(g) = '2—67’k1£f_w _1)—

4 2 i EREIE D) likn/2E ) €~ E2)
7y 2m

o v

i (lenlsin k£ .28°dE 3 ER (gihrf’ — likr/26D) (5”+5§)) 2 dt’

‘Erf 0 —é'éfgz———%f sl £2—¢ 10

_ etkiER _ £ ikl ) €] +E3) (l) . (4.17)
2nk,(§—Er)  2mk, Ep(E—ER) g

+ This property is dependent on the fact that the expansion for F' (£) about the origin
contains only even powers of £.
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A similar argument to that given above shows that, for £ large, F,(£) and F_(§)
are O(1/k,(§—£&R)), so that
B®) =0 ggs) (18> 0, (£.15)

for the example considered. Consequently the reflected waves will asymptote
to plane waves as expected.

5. Properties of diffraction

As for the split reflexion case, we investigate some simple topographies and
infer the general properties of diffraction of internal/inertial waves from these.
Again, there is one case which is particularly simple, namely

(a) K@) =¢,n* (-0 <1 < o0).
£=0
N
N 0 4
O
NREL
\‘
N
N
N
N
Fiaurg 4. Diffraction, the simplest case.
This topography is illustrated in figure 4, with
¢ = (1 +02)’3/802R, and @) =-—1,
for all 9. Equation (3.46) becomes
ket b p [T G=(n) 2n'dy’
G+(77) =@ kqcyn —7—TPJ‘0 —77_,2__7 (0 < ’)7 < OO), (5.1)

and the equations corresponding to (3.26), (3.27) are

i [=G_(n') 2y’ dy’ i (G () 2ndy’
G+(77)=;,Pf0 *“;(7172‘)_;7—2" G_(n)=;TPf0 %(,77"2)_7,#7* (0 <y < o).
(5.2)
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Adding the first of these to (5.1) gives

G ) = Je-thesr® (0 <y < o0), (5.3)

sothat G_(n) = ;—ﬂ Pf: ‘Zi—;ﬁ;lz_—fzgf—ﬂl (0 < 7 < o). (5.4)
This latter integral may be written

6 =—grsp [ AL 5.5)

T al—i>13)1+2im:ffwf% +hehar (5.6)

-y \
QN

\\

v plane

F1aure 5. The contour for equation (5.8).

by the Plemelj formulae of complex analysis, and writing

v = eti(kyc )by’ (5.7)
(1+i)eo —p?
wehave G_(g) = ye a7’ — lim L ’ e dv

g — T T ays 5.
80+ 271 ) — (1110 v — X7 (R 1) (7 4 16) (5:8)

and since the integrand approaches zero as |v| — o0 in the shaded region in figure 5
and the pole lies outside it, we have

X 1 [« e dv
= le—ikicin® _ | R _
G_("]) g [ 11 6_15?-’- 27T’£J‘_w v—eh"(klcl)i ("7 +’£8), (59)

i, (expibintke)tn
= —e oy f et dt,

m 0

(5.10)

using a standard result for complementary error functions (Abramovitz &
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Stegun 1965 p. 297, hereafter denoted A & S). Writing ¢ = (3m)tetin¢’, this
becomes e—tin g—ikierp® [ (2kici/miy

G_(n) = Tf 0 edint® gy’ (5.11)

—}Yin ,—ik. 2
_ e ; el [0 ((%;cl)in)+iS((—2k;cl)%n)], (5.12)

where C(z) and S(x) are the Fresnel integrals, as defined in A & S (p. 300).
Hence, from equations (3.39), we have

F(q) = e_i;ma [1 +ehin o (0 ((%161)277) +i8 ((%161)%17))] , (5.13)

and this is valid for all 5. For £ < 0, Fy(£), F,(§) are given by equations (3.30),
which yield

Fy = - [1 - (0 ((37’;1 {g])%) +i8 ((27’“1 |§|)*))] . (5.14)

g =+ [1— } (5.15)

For £ > 0 we have equations (3.31), (3.43), which give
_ 1 =G () 2y dy’
mloe nT+ER
Fy &) = +ethat, (5.17)

with G_(7) given by (5.12). Changing the variable of integration, equation (5.16)
may be written

Fy (&) (0 < § < o0), (5.16)

—¥in oo p—dinus S
() = %%W.fo ‘ (S;Z);;czg/(::)) 2u du (0 < £ < ), (5.18)
o RO G e g,
4 (5.19)

= O(Ell_g) (k, & large).

Equations (5.13)—(5.18) constitute the complete solution to the wave field,
and C(x), S(z) are illustrated in figure 6. First we may note that the back-reflected
wave Fy(£) and the ‘diffracted’ wave F,(£) are independent of the radius of curva-
ture R, so that the form of these waves does not depend on whether the surface
is broad or thin. Second, near the line £ = 0 both F,(£) and F,(£) behave like
k,|£|* on each side, so that the singularity in the velocity and energy density
obtained for split reflexion is present here also, but with its strength dependent
only on the incident wave-number &,. From equation (5.15) we see that in the
geometric shadow region the diffracted wave only penetrates a distance £, of
the order of £, = omfk,, (5.20)
i.e. one wavelength of the incident wave (A & S, p. 301), and has the form of a
plane wave travelling in the same direction as the incident wave, modulated by
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a complex term involving Fresnel integrals. The corresponding part of the
reflected wave Fy(), 7 < 0, is only significant near 9 = 0 with a decay distance of

i (5.21)

Na = 7o

wronle)

F(9) has no singular behaviour. As in §4, the above solution will apply for any
smooth diffracting surface in the limit &, R > 1, so that these results have some
generality.

0-8 - C(x)
0-7
0-6
05
Y04
03
02

0-1

0-6 I-2 I-8 2:4 30 36

Ficure 6. The Fresnel integrals O(x) and S(z), from Abramovitz
& Stegun (1965, p. 301).

We may consider the case analogous to case (b) of the preceding section, which
is to take
K(n) = ey7? (12 <7 < 1g);

= Nr(21—"1g) (7 < NR)s (6.22)
= Nr(2n—7z) (9 >9g)-

Precisely the same argument may be made, mutatis mutandis, and conclusions
drawn concerning the way in which changes in the ‘distant’ topography may
alter Fy(1), Fy(£), and Fy(£) near the origin. The only change is that the function
A(g) is replaced by ¢~*1EX®, which equals e~*1°17" near the origin. The specific
conclusions for this case are that, regardless of the slope of the distant topography,
near the origin Fj(n) will be analytic and Fy(£), F,(£) still have the 1/|£|? singular-
ity in the velocity and consequent logarithmic singularity in the energy density.

9 FLM 49
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6. Asymptotic behaviour of reflected and diffracted wave fields

If we consider a rigid surface whose slope varies in an arbitrary manner in some
finite region, but outside of which the surface is effectively plane on either side,
we may obtain the asymptotic form for the wave field far from the region (i.e.
far from characteristics which pass through the region) from the radiation con-
dition, equation (2.12), alone. We consider topography as shown in figure 7
(for example), and for the back-reflected wave we have

—P f dg' (6.1)

F1GURE 7. An example of localized topography.

We suppose that Fy(£)is only O(1) for X, < § < X, when X, X,, are fixed for given
PP 2 g
topography, and that Fyf)—>0 as E—co.

Then for suitable fixed values of & > 0, § > 1, and |£| large so that
—plE < Xy < Xy <b—a <E+a<plE, (6.2)

equation (6.1) may be written

X, fta N dE’
F2(§)=“fx Fzg(g)gg nPf ;%g?)'éé

f —Algl - © Fy( g;dg ngl f f:i'ﬁ’(é dé', (6.3)

with an analogous expression for the case when £ < X,.

The first term gives the contribution to the integral from the region where
F,(£) is largest, and we make the additional, plausible assumption that this term
contributes to the leading term for Fy(§) when |£] is large. For £ » X, or§ < X,

fxlléﬁ_l‘é_g =— ;’Fg(gl)dg'.%(l—i'O(%)), (6.4)

so that this term indicates that
Fy(&) ~id[nE as || > o0, (6.5)
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where A4 is some constant. We must verify that this expression is consistent with
equation (6.1) itself. Substituting this form for F,(£) in the ranges of integration
outside (X, X,) gives, to the leading orders for each,

R L[TBEME ML 2 gy 288

T £ -t T A- g/lgl
p-tll 1+af L+ | X,
wglion (5 gg)) +1ow (1) +1os 2 +ox (E i) )
= %log Xf +0(1/£2). (6.7)

Hence the above asymptotic form for F,(£) is self-consistent. If we choose the
co-ordinate system so that the origin is situated near the centre of the bottom

variations, we may take X, = — X,, so that
X,
Ax < (&) dE'. (6.8)

If the wave field approaches a plane wave on either side rather than zero,
(as is the case for the ‘transmitted ’ wave F(7) in figure 7), the asymptotic form
is

F,(§) ~ plane wave + §+0(§2) (6.9)
as may readily be seen by considering integrals like
© gikE’ &’ ( 1 )

"% _o . 6.10

» 77 = Nux+y (610

The above arguments are applicable for the various wave fields involved in
split reflexion and diffraction, as in case (b) for §§4 and 5, for example (they do
not, however, apply to case (a) since the surfaces there do not asymptote to
planes). The velocity field decays as 1/£2 and the energy density as 1/£%.
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